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Abstract. It is a long standing conjecture, since antiquity, that there exist infin-
itely many consecutive prime numbers that are separated by 2, which is of course
the closest possible distance. The prime number theorem shows that the gap be-
tween pn and pn+1 is on average log pn. It is surprising then that even proving the
existence of infinitely many gaps smaller than some constant multiple of the aver-
age has proved difficult for the century that ensued the proof of the prime number
theorem. In a breakthrough paper in 2009, Goldston, Pintz, and Yildirim proved
that for any small constant c > 0, there exist infinitely many primes p, q such that
|p− q| < c log p. In doing so they were able to relate the gaps between prime prob-
lems with a famous conjecture of Elliott and Halberstam, the first time anyone was
able to connect the bounded gap problem to a major and fundamental conjecture
in number theory. In May 2013, Yitang Zhang announced a proof of the existence
of bounded gaps between primes and just six months later, James Maynard gave a
drastically different and technically innovative proof which led to far superior esti-
mates on the size of the gaps. In this talk I will give a brief outline of the arguments
of GPY, Zhang, and Maynard.
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1. Introduction

The prime numbers are the primordial essence of number theory. Indeed, they are
defined to be the irreducible multiplicative building blocks of all integers. However,
surprisingly little is known about the distribution of prime numbers. By the prime
number theorem, proven in the latter part of the 19th century, we know that the gap
between the nth prime pn and the next prime pn+1 is on average log pn. A recurring
theme in the study of primes is that their distribution seems uniform and random;
and so a reasonable question would be the distribution of gaps between consecutive
primes. Perhaps surprisingly, we expect prime numbers to violate the average dra-
matically many times, indeed infinitely often. A long-standing conjecture, widely
believed to be from antiquity, is the twin prime conjecture: that consecutive primes
pn and pn+1 infinitely often come as close together as possible, namely the equation
pn+1 − pn = 2 holds for infinitely many indices n.

Unable to make progress on the twin prime conjecture for millennia, mathematicians
had only began to investigate the prime gap problem systematically after the proof of
the prime number theorem. In the century that followed, progress was fairly slow de-
spite significant advances in number theory in general as well as significant attention
on the prime gap problem. The best result of the 20th century was due to Huxley,
who showed that there exist infinitely many indices n such that pn+1 − pn ≤

1
4 log pn

(actually, Huxley proved a slightly better constant, but for simplicity we will retain
the 1/4).

The beginning of the 21st century saw significant and exciting new directions with
regards to the prime gap problem. The most significant of these efforts culminated in
a seminal paper due to Daniel Goldston, Janos Pintz, and Cem Yildirim, published
in the Annals of Mathematics in 2009, where they proved that for any η > 0, there
exists infinitely many indices n such that pn+1 − pn ≤ η log pn. This in particular
showed that

lim inf
n→∞

pn+1 − pn
log pn

= 0.

Moreover, in a later paper which they published later but was already known to them
in the Annals paper, they showed that in fact

lim inf
n→∞

pn+1 − pn
√
log pn(log log pn)2

< ∞.

The theoretical contribution of the work of Goldston, Pintz, and Yildirim (henceforth
referred to as GPY) was arguably more significant than the content of their theorems.
Indeed, they showed through their proof that the prime gap problem is fundamentally
connected to another series of results and conjectures previously thought to be unre-
lated; namely the Bombieri-Vinogradov theorem and the related Elliott-Halberstam
conjecture. In particular, GPY showed that if the Elliott-Halberstam conjecture
holds, then there exist infinitely many indices n such that

lim inf
n→∞

pn+1 − pn < 16.
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Unfortunately, unconditionally on the Bombieri-Vinogradov theorem, they were un-
able to obtain bounded gaps. They remarked however that even a slight improve-
ment to the Bombieri-Vinogradov Theorem towards the Elliott-Halberstam conjecture
would allow one to conclude the existence of infinitely many bounded gaps.

Capitalizing on this remark, an obscure mathematician Yitang Zhang worked out
a suitable version of the Bombieri-Vinogradov theorem which gives a slightly better
level of distribution result and the expense of generality, which was sufficient to obtain
bounded gaps. He announced his result in 2013. Zhang’s theorem and its announce-
ment was no less than a bombshell to the wider mathematical community, and his
paper was quickly reviewed and accepted for publication by the Annals of Mathemat-
ics. Zhang’s bounds were crude; his initial result stated that lim inf

n→∞
pn+1−pn < 7×107,

and even he remarked that this can easily be tightened up. Indeed a flurry of activity
soon followed to tune up his arguments to try to obtain as tight a bound as possible.
It seemed that the dust had settled at the value of 4680 (from 70 million), deemed
the best possible number that Zhang’s argument could produce, when in November
of 2013 a post-doctoral fellow from Canada who studied number theory with D.R.
Heath-Brown at Oxford, James Maynard, announced a dramatic improvement to the
value of 600, and more importantly, a completely different argument that entirely
circumvented the main theorem of Zhang’s paper.

It is this magnificent story that I wish to share and collaborate with you all in the
coming weeks and months. In this introductory talk I hope to lay out the foundations
to understand the arguments of GPY, Zhang, and Maynard. It should be remarked
that James Maynard has been invited to speak at the University of Waterloo in
March, and so it may be best to wait for his talk to understand his contributions
directly. In any case I will not focus too much on Maynard’s work until after his talk
to avoid undue repetition.

2. The sieve of GPY

In number theory a tool that has been used since antiquity is that of a sieve. The
idea is to follow some simple procedure to eliminate obvious objects that we do not
want to include in the count, and after a certain iteration of the procedure, whatever
remains must be fairly close to what we do want to count. The classic example of
course is that to obtain all of the primes in the interval [1, n], one simply needs to
eliminate all multiples of primes p with 1 ≤ p ≤

√
n, except p itself. Today sieve

theory plays a central part of number theory. The result of GPY can be properly
described as a sieve.

First we set up some notation and definitions.

Definition 2.1. Let H = {h1, · · · , hk} ⊂ N, and denote by νp(H) to be the number
of residue classes modulo p occupied by H. Define H to be admissible if νp(H) < p
for every prime p.



4 STANLEY YAO XIAO

Definition 2.2. If H is admissible, define S(H) by

S(H) =
�

p

�
1−

1

p

�−k �
1−

νp(H)

p

�
.

Definition 2.3. Recall that the von Mangoldt function Λ(n) is defined to be log p if
n = ps is a power of a prime p, and zero otherwise. Now define the generalized von
Mangoldt function Λk(n) to be

Λk(n) =
�

d|n

µ(d)
�
log

n

d

�k
,

where µ denotes the Mobius function.

Definition 2.4. For a given admissible set H = {h1, · · · , hk}, write

PH(n) = (n+ h1) · · · (n+ hk).

We note that the generalized von Mangoldt function vanishes on numbers with
more than k distinct prime factors. This is a very crucial fact which we will recall
later.

We now present the basic counting function. Traditionally we do not count the
primes themselves directly, but rely on some type of auxiliary function. A very popu-
lar one is the one used by Riemann, which he denoted θ(n), which assumes the value
log p when n = p is a prime, and zero otherwise. Our basic counting function is thus

2N�

n=N+1

�
k�

i=1

θ(n+ hi)− log(3N)

�
.

In particular, if the inner sum is positive, then there exists at least two terms
n+ hi, n+ hj such that θ(n+ hi), θ(n+ hj) > logN . In particular, n+ hi, n+ hj are
two primes separated by at most hk − h1.

Unfortunately, dealing with this counting function directly is not tenable. Instead,
GPY looked at the weighted counting function

2N�

n=N+1

�
k�

i=1

θ(n+ hi)− log(3N)

�
ΛR(n;Hk, l)

2,

where

ΛR(n;H, l) =
1

(k + l)!

�

d|PH(n)
d≤R

µ(d)

�
log

R

d

�k+l

.

The reason we have chosen the parameter k + l instead of k is for technical rea-
sons. Roughly speaking, if we chose k, we are essentially asking that the tuple
n + h1, · · · , n + hk to simultaneously be prime. This coincides with the incredi-
bly difficult conjecture of Hardy and Littlewood. Adding the parameter l gives the
technique extra flexibility. Indeed, we are only asked to show that n+ hi is prime for
at least two indices, not for every index. We also note that the weight is squared as
to guarantee its positivity.
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In the language and notation we have built, GPY’s result can be stated in two parts.
On the one hand, they obtained an incredibly powerful asymptotic formula out of the
function ΛR(n;H, l), in the form

Proposition 2.5. (Goldston-Pintz-Yildirim 2009) Let H = H1 ∪H2, |Hi| = ki, and
r = |H1 ∩H2|. If R � N1/2(logN)−4M and h ≤ RC for any given constant C > 0,
then as R,N → ∞, we have

(2.1)
�

n≤N

ΛR(n;H1, l1)ΛR(n;H2, l2) =

�
l1 + l2
l1

�
(logR)r+l1+l2

(r + l1 + l2)!
(S(H) + oM(1)) .

This result would be complimented by the following closely related result involving
the function θ(n)

Proposition 2.6. (Goldston-Pintz-Yildirim 2009) Let H = H1 ∪ H2, |Hi| = ki,
r = |H1 ∩H2|, 1 ≤ h0 ≤ h, and H0 = H ∪ {h0}. If R �M N1/4(logN)−B(M) for a
sufficiently large constant B(M), and h ≤ R then as R,N → ∞,

(2.2)
�

n≤N

θ(n+ h0)ΛR(n;H1, l1)ΛR(n;H2, l2)

=






�
l1+l2
l1

� (logR)r+l1+l2

(r+l1+l2)!
(S(H0) + oM(1))N, if h0 �∈ H,

�
l1+l2+1
l1+1

� (logR)r+l1+l2+1

(r+l1+l2+1)! (S(H) + oM(1))N if h0 ∈ H1 \ H2,�
l1+l2+2
l1+1

� (logR)r+l1+l2+1

(r+l1+l2+1)! (S(H) + oM(1))N if h0 ∈ H1 ∩H2.

With the assumption that the primes have level of distribution ϑ > 1/2, then these
asymptotics hold with R � N

ϑ
2−ε and h ≤ Rε, for any ε > 0.

These two propositions allow us to estimate the term

S =
2N�

n=N+1

�
k�

i=1

θ(n+ hi)− log 3N

�
ΛR(n;Hk, l)

2.

In particular, we get that

S ∼
1

(k + 2l + 1)!

�
2l + 2

l + 1

�
S(Hk)N(logR)k+2l

− log 3N
1

(k + 2l)!

�
2l

l

�
S(Hk)N(logR)k+2l

∼

�
2k

k + 2l + 1

2l + 1

l + 1
logR− log 3N

�
1

(k + 2l)!

�
2l

l

�
S(Hk)N(logR)k+2l

We now note that it suffices to impose conditions to ensure that

2k

k + 2l + 1

2l + 1

l + 1
ϑ > 1,

and one way to do this is let k, l → ∞ with l = o(k). In particular, if ϑ > 1/2, then
this ensures that the above inequality indeed holds. This is what GPY meant that
even a slight improvement to the level of distribution of primes imply bounded gaps.
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3. Modification to the GPY sieve and Zhang’s theorem

In the GPY paper discussed above, it was remarked by the authors that it ”would
appear to be within a hairs breadth” to obtain infinitely many bounded gaps between
primes. The key was to obtain a slight improvement to the Bombieri-Vinogradov the-
orem. Considering that the Bombieri-Vinogradov theorem is a deep number theoretic
result that is in some sense as sharp as the Generalized Riemann Hypothesis, this
seems to be an untenable goal. It is remarkable then that in 2013 that Yitang Zhang
announced a proof of the existence of infinitely many bounded gaps between primes
following the framework laid down by GPY. He was able to do this by using a modified
GPY sieve which enabled him to use a version of the Bombieri-Vinogradov theorem
with more restriction on the sum over moduli but with a better level of distribution.
This is a substitute for a general improvement to the level of distribution for the
primes, which is sufficient.

In this section we aim to briefly sketch Zhang’s argument. Roughly speaking, Zhang’s
argument can be broken down into two parts: first is essentially showing that one only
loses a minor portion of the weighted counting function in GPY’s argument if one
insists on eliminating the contribution from small primes, and the second is proving a
modified version of the Bombieri-Vinogradov theorem after eliminating small primes
and obtaining a level of distribution of 1/2 + 1/1168. The latter is by far the more
difficult part of the argument and consists of the technical heart of his paper.

One of the first departures of Zhang’s argument is that H = {h1, · · · , hk0} is now
a fixed admissible set, and k0, l0 are fixed positive integers. There will be some no-
tational overhead below. Instead of the function ΛR(n;H, l) which we used in the
previous section, we will instead use the following function. First define

g(y) =
1

(k0 + l0)!

�
log

D

y

�k0+l0

,

and set
λ(n) =

�

d| gcd(P (n),P)

µ(d)g(d).

Here P (n) = PH(n) from the previous section (recall that H is now fixed), and

P =
�

p<D1

p and D1 = Nω, with ω = 1/1168. The main observation of Zhang is

that the contribution to the counting function from those d with large prime divisors
(namely, those larger than D1 = Nω) is small. At the same time, eliminating those
d with large prime divisors allows one to obtain an improvement to a “Bombieri-
Vinogradov” type theorem with a higher level of distribution. These combined suffices
to give a proof of the existence of infinitely many bounded gaps between primes. We
can now state Zhang’s theorem

Theorem 3.1. (Zhang 2013) Let

∆(γ; d, c) =
�

N<n≤2N
n≡c (mod d)

γ(n)−
1

ϕ(d)

�

N<n≤2N
gcd(n,d)=1

γ(n),
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for gcd(c, d) = 1. Further, let

Ci(d) = {c : 1 ≤ c ≤ d, gcd(c, d) = 1, P (c− hi) ≡ 0 (mod d)}, 1 ≤ i ≤ k0.

Then �

d<D2

d|P

�

c∈Ci(d)

|∆(θ; d, c)| � N(logN)−A.

The proof that the above theorem implies infinitely many bounded gaps between
primes requires an ingenious but tedious combinatorial argument, fundamentally
based on an identity of Heath-Brown, and also the dispersion method developed
by Bombieri, Friedlander, and Iwaniec. The details of this argument will be given in
a future talk.

4. The smooth sieve of Maynard

Let us quickly recap on the story so far. First, we have the GPY paper that in-
troduced the so-called GPY type sieve involving a counting function weighted by
generalized von Mangoldt functions. The contribution of GPY was obtaining as-
ymptotic formulas involving these generalized von Mangoldt functions and in turn
obtained a connection between the level of distribution of primes and the bounded
gaps problem. Zhang, in turn, showed that it is not necessary to obtain a full-blown
improvement to the level of distribution of primes; it is only necessary to obtain a
version where the size of prime factors involved is controlled and kept small. Note
that Zhang made virtually no change to the type of weights involved; his focus was
entirely on the level of distribution of primes part of the argument.

It is extraordinary then that in only six months, James Maynard was able to re-
tool the GPY argument using an entirely different weight for the sieve. Note, in
particular, that the original GPY paper was a seminal and major work that took
years. Using this sieve, Maynard showed that a level of distribution of primes of at
least 1/2 (namely, what is known to be true by the Bombieri-Vinogradov theorem) is
sufficient to obtain bounded gaps in primes. Even more spectacularly, the size of the
gap is superior to what can be obtained using the GPY sieve and Zhang’s theorem.
We remark here that James Maynard has been invited to speak at the University of
Waterloo in March, and so we will not dwell too much on his work until that date to
avoid undue repetition. Here we merely give a brief introduction.

The weighting device introduced by Maynard is the following. I will write it out
first and then explain the concept behind it. Maynard replaced the von Mangoldt
type weight with �

di|n+hi

λd1,··· ,dk ,

where

λd1,··· ,dk =

�
k�

i=1

µ(di)di

�
�

r1,··· ,rk
di|ri,1≤i≤k
gcd(ri,W )

µ2
��k

i=1 ri
�

�k
i=1 ϕ(ri)

F

�
log r1
logR

, · · · ,
log rk
logR

�
,
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where R = N
θ
2−ε, θ being the level of distribution of primes, W being the product of

all small primes (where ‘small’ means up to log log logN , say) and F being a piece-
wise differentiable function.

While this weight may look intimidating, the idea behind it is quite established.
The use of smooth weights is not really new in the literature; and many such appli-
cations already exist in analytic number theory. The moral of the story is that we
are “smoothing out” the prime contributions we wish to count, allowing us to more
easily obtain an estimate. We define the sums S1, S2 analogous to GPY and Zhang

S1 =
�

N<n≤2N
n≡v0 (mod W )




�

di|n+hi

λd1,··· ,dk




2

,

and

S2 =
�

N<n≤2N
n≡v0 (mod W )

�
k�

i=1

χP(n+ hi)

�


�

di|n+hi

λd1,··· ,dk




2

.

The main theorem of Maynard, then, which compares these two sums, is given by

Theorem 4.1. (Maynard 2013) Let λd1,··· ,dk be given as above when gcd
��k

i=1 di,W
�
=

1, and zero otherwise. Moreover, let F be supported on Rk = {(x1, · · · , xk) ∈ [0, 1]k :�k
i=1 xi ≤ 1}. Then we have

S1 =
(1 + o(1))ϕ(W )kN(logR)k

W k+1
Ik(F ),

and

S2 =
(1 + o(1))ϕ(W )kN(logR)k+1

W k+1 logN

k�

j=1

J (m)
k (F ),

provided Ik(F ) �= 0 and J (m)
k (F ) �= 0 for each m, where

Ik(F ) =

� 1

0

· · ·

� 1

0

F (t1, · · · , tk)
2dt1 · · · dtk

and

J (m)
k (F ) =

� 1

0

· · ·

� 1

0

�� 1

0

F (t1, · · · , tk)dtm

�2

dt1 · · · dtm−1dtm+1 · · · dtk.

As before, we obtain infinitely many bounded gaps provided that we can prove S2

is large relative to S1. This is essentially done by optimizing the following quantity

Mk = sup
F∈Sk

�k
i=1 J

(m)
k (F )

Ik(F )
,

where Sk denotes the set of piecewise differentiable functions supported on Rk. In
particular, being able to prove a lower bound for Sk means that we are able to prove
infinitely bounded gaps of size determined by a an admissible set of size k of minimal
diameter. Maynard’s result, stated in terms of Mk, is then
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Theorem 4.2. (Maynard 2013) We have

1) M5 > 2;
2) M105 > 4; and
3) Mk > log k − 2 log log k − 2 for k large.

5. Conclusion

We have thus, in very broad strokes, outlined the progress on the gaps between
prime problem so far in the 21st century. In the coming weeks we will discuss in this
seminar the following topics: details on the GPY sieve, details of Zhang’d theorem
and its proof, and a literature overview of the work of Bombieri, Friedlander, and
Iwaniec which strongly influenced Zhang. If time allows we will also look at two
polymath projects which refined the results of Zhang and Maynard.
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